We show an efficient way to compute the electron-phonon coupling constant, λ, and the superconducting transition temperature, T c from first-principles calculations. This approach gives rapid convergence of T c with respect to the size of the k-point mesh, and is seamlessly connected to the formulation used in large molecular systems such as alkali fullerides where momentum dependence can be neglected. Since the phonon and electron-phonon calculations are time consuming particularly in complicated systems, the present approach will strongly reduce the computational cost, which facilitates high-throughput superconducting material design.
Introduction
Precise prediction of the superconducting transition temperature, T c , and designing high-temperature superconducting materials are one of the ultimate goals for material design. Particularly for phonon-mediated superconductivity, several recent studies based on superconducting density functional theory (SCDFT) [1, 2] and ab-initio Eliashberg approach [3] show the quantitative agreement of experimental T c from fully ab-initio calculations. Furthermore, recent studies [4, 5] successfully predicted the structure of sulfur hydrides at high pressures and its superconductivity preceding the experimental discovery [6] . Thanks to these studies, exploring superconducting materials has become a more realistic and promising issue. On the other hand, ab-initio calculation of T c , particularly, calculating the electron-phonon couplings and obtaining their convergence are still time-consuming tasks. Thus, a high-throughput method to evaluate the electron-phonon couplings is required to study a wide range of materials.
The key quantity that represents the strength of the electron-phonon couplings is called λ, which is basically obtained by averaging the electron-phonon couplings over the Fermi surface. It is known that this average converges very slowly with respect to the size of k-point mesh. In this paper, we show simple but efficient method to evaluate this average over the Fermi surface. By applying this method to Pb and Nb, we demonstrate that the convergence of λ and T c with respect to k-point mesh size is improved compared to the conventional Gaussian smearing method.
Method
To evaluate T c , the standard approach is to solve the Eliashberg equation by introducing the energy cutoff and the pseudo Coulomb potential, µ * [7] . The powerful and convenient expressions of T c that approximate this Eliashberg equation are McMillan [8] and Allen-Dynes [9] formulas. In the Allen-Dynes formula, T c is given as
Here, µ * is a pseudo Coulomb potential and λ and ω log are defined as
with
Here, N (0) = nk δ(ξ nk ) is the density of states at the Fermi level, ξ nk is a oneparticle band energy with respect to the Fermi level at band index, n and wave vector, k, ω νq is the phonon frequency at phonon mode ν and wave vector, q, and g ν nk,mk+q is the electron-phonon coupling. The simple approach to evaluate Eq. (4) is to take a discrete summation on finite k-and q-point meshes by replacing two δ functions with smearing functions with an appropriate smearing width.
Thus, to get the convergence, one needs to increase the size of k-and q-point meshes with decreasing the smearing width. However, it is known that the convergence of this approach is extremely slow. Even the tetrahedron method [7, 10] needs a sufficient k-and q-point meshes. To overcome the problem, the interpolation of electron-phonon coupling using Wannier function technique has been developed [11, 12] .
To circumvent the problem for the summation of the two δ functions, we transform Eqs. (2)-(4) as follows:
Here, · · · is a weighted average defined as
Here the probability P nmkq satisfies nmkq P nmkq = 1 even when we replace the δ-functions with other smearing functions. Thus, if O nmkq does not depend much on k and q, we do not need dense k and q meshes. In the practical calculation, we estimate N (0) using the tetrahedron method with a dense k-point mesh while for P nmkq we use the Gaussian smearing functions instead of the δ functions. It should be noted that this method can be also regarded as a rescaling of λ by N (0) 2 / nk,mq δ(ξ nk )δ(ξ mk+q ). Here, the denominator and numerator should be the same in principle, while only for the denominator, we employ a coarse mesh used in the electron-phonon coupling calculation. Therefore, this method can be applicable not only for the Gaussian smearing method, but also for the tetrahedron method or other smearing methods and can be implemented very easily. We implemented this method based on the quantum-ESPRESSO package [13] . The code is distributed through the website [14] and is available under the terms of the GNU General Public License.
Result
In the following, we illustrate the comparison of the weighted-average method and the conventional Gaussian smearing method for the case of Pb and Nb. We obtain the electronic structures, phonon properties and electron-phonon couplings using the density functional theory (DFT) and the density functional perturbation theory (DFPT) as implemented in the quantum-ESPRESSO code [13] .
We employ the local density approximation (LDA) [15] and a norm-conserving pseudopotential with the cutoff energy of 90 Ry for Pb and the generalized gradient approximation [16] and an ultrasoft pseudopotential [17] with the cutoff energies of 30 Ry for wavefunctions and 300 Ry for charge densities for Nb.
Density of states at the Fermi level
Before discussing the electron-phonon couplings, we first show the convergence of the density of states at the Fermi level, N (0) = nk δ(ξ nk ), using the Gaussian smearing method and the tetrahedron method. This roughly illustrates how the electron-phonon couplings converge since when we neglect the momentum and band dependence of the electron-phonon couplings and phonon frequency, i.e., g ν nk,mk+q = const, ω νq = const, using Eq. (5), we obtain however, the converged value at each δ highly depends on δ. In fact, N (0) for 32 3 k-point calculation is still increasing at the smallest δ and from this calculation, it is difficult to extract the converged value of N (0) = 1.49 obtained by the tetrahedron method. It should be noted that even in the tetrahedron method, the convergence is achieved for 30 3 ∼ 40 3 k points for Nb.
Electron-phonon couplings
In the calculation of the electron-phonon coupling constant, λ, we need to consider the convergence with respect to both k-and q-point meshes as explained above. In practical calculation, k-point mesh is more important because k-point mesh also determines the accuracy of the phonon frequency, ω νq and electron-phonon couplings, g ν nk,mk+q . In this calculation, for simplicity, we discuss the convergence using the same mesh size, n × n × n with n = 8, 12, 16, and 20, for k and q points. That is, we compute the electronic structures using the uniform n × n × n k-point mesh with Gaussian smearing width of 0.025
Ry. Then, we obtain the dynamical matrix and electron-phonon couplings with n × n × n k and q-point meshes. Figure 2 shows the electron-phonon coupling constant, λ, logarithmic average of phonon frequency, ω log , and transition temperature, T c at µ * = 0.10 for Pb. In the conventional smearing method, k-point mesh dependence of λ and T c is large particularly for δ < 0.04 Ry and it is difficult to get the convergence, which is consistent with the discussion for N (0). In fact, Ref. [12] discussed the convergence of λ in more dense meshes using the EPW code and more than 60 3 k points are needed for δ < 0.005 Ry to obtain the converged value of λ = 1.1 ∼ 1.2. In the weighted-average method, on the other hand, λ, ω log and T c do not depend much on δ as shown in Fig. 2(b) . The obtained values of λ = 1.1 ∼ 1.3, ω log = 60 ∼ 65 K and T c = 5 ∼ 6 K are consistent with the EPW calculation with dense k and q-point meshes.
In the case of Nb, the δ dependence in the conventional smearing method is more severe as shown in Fig. 3 . λ and T c show similar δ dependence with N (0) and it is difficult to evaluate λ and T c . On the other hand, using the weightedaverage method, δ dependence is small and we can estimate λ = 1.3 ∼ 1.4, ω log = 140 ∼ 160 K and T c ∼ 10 K for µ * = 0.20. One can see a large k-point size dependence in λ and ω log even at large δ while this almost cancels out in ing that the accuracy of ω νq and g ν k,k+q can be more important issue than the mesh size of the summation in Eqs. (5) and (6) . Using this small δ dependence, one interesting application is a systematic rough estimate of electron-phonon couplings for a wide range of materials with a large smearing width and small number of k and q-points for a screening purpose.
Another advantage of this method is that when we can neglect the momentum and band-index dependence in g ν nk,mk+q and ω νq , the result becomes accurate. In fact, Eq. (5) falls into the formula used in large molecular systems such as alkali fullerides where momentum dependence can be neglected [18] . Thus, we can choose an appropriate k-and q-point mesh size depending on the momentum dependence of g ν nk,mk+q and ω νq and can estimate T c even for large systems with practical computational time.
Summary
We presented an efficient method to calculate λ and T c and demonstrated that this method significantly improves the convergence with respect to the kand q-point mesh size. We can use this method not only for accurate estimate but also for rough estimate of λ and T c with coarse k and q meshes where even the tetrahedron method does not converge. This method can be understood as a generalization of the formula used in large molecular systems where momentum dependence can be neglected and can be applicable even for large systems.
The method can be easily implemented and the example implementation is distributed through the website.
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